arXiv:1506.09125vl [math.GR] 30Jun2015 


Extensions of groups by weighted Steiner loops 

Agota Figula and Karl Strambach 


Abstract 

Solving functional equations given in m for extensions of a group 
A by a weighted Steiner loop S we obtain concrete description for 
all loops with interesting weak associativity properties if the Steiner 
loop S induces only the trivial automorphism on A. We show that the 
restricted Fischer groups and their geometry play an important role for 
loop extension with right alternative property. Also the automorphism 
groups of these extensions as well as the conditions for isomorphisms 
between two extensions are studied. 
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1 Introduction 

The extension theory in the category of groups is a classical part of group 
theory which by means of cohomology archieved a satisfactory form of high 
aesthetic value (cf. [5], Kap. I, § 14 and § 16, [7], Chap. XII, M)- 

In m the authors investigate thoroughly a variation of extensions which 
yields loops as extensions of groups by loops such that these extensions are 
the most natural generalization of Schreier’s extension theory for groups. 
These extensions of groups A by loops S are given by two equations describ¬ 
ing the action of S on A. 

Special types of extensions of groups of order 2 by Steiner loops play 
an important role in code theory (cf. [1], [B]). In [Hj the authors study 
extensions of groups of order 2 by Steiner loops such that the corresponding 
Steiner triple system has an orientation. 

Calling a Steiner loop S equipped with a function h : 5'\{e} —>■ A, where 
e is the identity element of S and A is a group, a weighted Steiner loop we 
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study in this paper Schreier extensions L of groups A by weighted Steiner 
loops (S', h) such that for the factor system f : S x S ^ A one has f{x, y) = 
h{x)h{y) for all x,y & 'S'\{e} and S induces only the trivial automorphism on 
A. We call such extensions L Steiner-like loops. In general, these loops are 
power-associative but do not satisfy any other associativity condition. To 
obtain Steiner-like loops which have some stronger associativity properties 
we have to decide in which groups the functional equations described in m 
have solutions and determine them explicitly. In this way we can describe all 
Steiner-like loops with interesting weak associative properties. To construct 
such Steiner-like loops one needs in the most cases that the group generated 
by the set {/(x,y); x,y € S} is contained in the centre of A. Only the 
cross inverse or the automorphic inverse property of L force the group A 
to be abelian. In contrast to this Steiner-like loops satisfying the right Bol 
identity can be also constructed choosing A a finite simple group having 
elements of order four (p. 18). 

For all loops considered in this paper the group D generated by the 
set {h{x);x € S \ {e}} is abelian except the loops satisfying only the right 
alternative or the right inverse property. In this case if the Steiner loop S 
is finite, then the factor group DV/V, where 1^ is a cyclic subgroup of A, 
is a restricted Fischer group. In contrast to this, if the group D is abelian, 
the Steiner loop S has more than four elements and the values f{x,x) are 
determined by the values of the non-constant function h, then D has rank 
two and one generator is an involution. Moreover, S is the direct product 
of Z 2 and a subloop of index 2. 

The group Gr generated by all right translations of a Steiner-like loop 
L is an extension of the group A by the group S generated by the set 
{/^(a,i); a G S} (Proposition [82]) • The analogous assertion holds for the 
group Gi generated by all left translations of a Steiner-like loop L if and only 
if the set {f{x,y)‘, x,y G S} is contained in the centre of A (Proposition 

EB- 

Also the automorphism groups of Steiner-like loops as well as the condi¬ 
tions for the isomorphisms between two Steiner-like loops are studied. 

2 Preliminaries 

A set L with a binary operation {x,y) x ■ y is called a loop if there exists 
an element e G L such that x = e ■ x = x ■ e holds for all x G L and the 
equations a ■ y = b and x • a = 6 for any given a,b G L have precisely one 
solution which we denote hy y = a\b and x = bja. 

The subloop L' generated by all associators and all commutators of a 
loop L is called the derived subloop of L. As for groups the loop L' is the 
smallest subloop of L such that LjL' is an abelian group. 

The left, right and middle nucleus, respectively, of a loop L are the 
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subgroups of L which are defined in the following way: 

Ni = {u; ux ■ y = u ■ xy, x,y £ L}, Nr = {rc; x ■ yw = xy ■ w, x,y G L} 

and Nm = {v; xv ■ y = x ■ vy, x,y G L}. 

The intersection N = Ni f] Nr D Nm is called the nucleus of L. The centre 

Z of a loop L is the largest subgroup of N such that zx = xz for all x € L, 

z G Z. 

The left translations \a ■ y a ■ y : L ^ L as well as the right transla¬ 
tions Pa ■ y y ■ a : L ^ L are bijections of L for any a G L. 

A loop L is flexible if 


{x ■ y) ■ X = X ■ {y ■ x) 

(2.1) 

holds for all x,y G L. A loop L is left alternative, 

respectively right alter- 

native if 


TT 

IS 

II 

(2.2) 

respectively 


{y ■ x) ■ x = y ■ {x ■ x) 

(2.3) 

holds for all X, y G L. A loop L satisfies the left 

inverse, respectively the 

right inverse, respectively the cross inverse property if for all x,y G L 

• (x • y) = y, 

(2.4) 

respectively 


(y • x) • x^ = y. 

(2.5) 

respectively 


(x • y) • x^ = y 

(2.6) 


holds with x^ = e/x, x^ = x\e. If a loop L satisfies the left or the right 
inverse property, then one has x^ = x^ and we denote this element x~^. A 
loop L has the automorphic inverse property if the identity 


(x • y) ^ = X ^ - y 


-1 


(2.7) 


holds for all x,y G L. A loop L satisfies the weak inverse property if for 
x,y,z G L one has 


X ■ {y ■ z) = e whenever {x ■ y) ■ z = e. 
A loop L is a left, respectively a right Bol loop if 

[x ■ {y ■ x)]- z = X-[y ■ {x ■ z)], 


respectively 


z ■ [{x ■ y) ■ x] = \{z ■ x) ■ y]- X 


( 2 . 8 ) 


(2.9) 

( 2 . 10 ) 
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holds for all x,y,z & L. A loop L which has the left and the right Bol 
identity is called a Moufang loop. 

A Steiner triple system (©, T) is an incidence structure consisting of a set © 
of points and a set T of blocks such that two distinct points are contained 
in precisely one block and every block has precisely three points. A hnite 
Steiner triple system with n points exists if and only if n = 1 or 3 (mod 6) 
(cf. [5], V.1.9 Definition, p. 124). 

A loop L is called a Steiner loop, if it is totally symmetric, i.e. if x-y = y-x 
and X ■ {x • y) = y hold for all x,y ^ L. Putting y = e into the last identity 
we have x^ = e for all x G L. Hence a Steiner loop is a commutative loop of 
exponent 2 with the inverse property and the bijections \a = Pa-, a L, are 
involutions (see [8], Chap. V.). 

With a Steiner triple system (©, T) is associated a Steiner loop (<S'(©), o) 
such that the elements of S{&) \ {e}, where e is the identity of S'(©), are 
the points of the Steiner triple system (©,T), the product o o 6 is the third 
point of the line determined by a, b and a o a = e for all a G S{&). 

Definition 2.1. A weighted Steiner loop {S,h) is a Steiner loop S and a 
map h : S \ {e} — A, where A is a group. 

A restricted Fischer group is a pair {G, E) consisting of a group G and 
a system of generators E C G satisfying the following conditions: 

(i) For all X G i? one has x^ = 1. 

(ii) For all x,y € E we have (xy)^ = 1 and xyx G E (cf. [T^, p. 20). 

3 Extensions of loops 

Let 5 be a loop and A be a group. In m are considered loop extensions 

1 ^ L ^ S — 

such that the multiplication in the loop L, which is realized on the set S' x A, 
is given by 

{x,C){y,r]) = {xyJ{x,y)Cr]), (3.1) 

where / is a map from S x S to A with /(x,e) = f{e,y) = 1 G A for all 
x,y & S. The identity element of the loop L is (e, 1). 

The left inverse of (x,^) G L is (x“^,/(x“^,x)“^^“^) and the right inverse 
of (x,^) is (x“^,^“^/(x,x“^)“^) such that x~^ = x\e = e/x in S. Hence in 
the loop L the left inverse of any element coincides with the right inverse 
if and only if f{x~^,x) = ^~^f{x,x~^)^ for all x G S and C € A (cf. [IT] . 
Proposition 3.3, p. 762). 

The group A is contained in the middle and in the right nucleus of L. It 
is contained in the left nucleus and hence in the nucleus of L if and only if 
f{x,y) are elements of the centre of A for all x,y G S (cf. [11], Proposition 
3.2. (i), p. 762). 
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Remark 3.1. A loop L of type (j3.1l) is a central extension of A by the loop 
S if and only if A is commutative (cf. |11] . p. 762). The loop L is the direct 
product of A and S if and only if f(x, y) = I for all x,y G S. 

Construction: Let A be the group generated by the set {/(x, y); x,y G S'}. 
If A is central in A, then A is a central extension of A by a group B 
and the multiplication of A on the set i? x A is given by (ri, si)(r 2 , S 2 ) = 
(rir 2 , siS 2 fc(nT 2 )), where the map k : B x B ^ A is a factor system ([5], 
Satz 14.1, p. 86). The group A is also a central subgroup of the loop L. 
Hence L is the direct product of A and the smallest subloop of L containing 
A and S with amalgamated subgroup A. The multiplication of L on the set 
5 X R X A is given by 

((ai,l)(e,pi)(e,fTi))((a2,l)(e,p2)(e,U2)) = 

( 0102 , l)(e, piP 2 ){e, (Ticr 2 f{ai,a 2 )k{pi, P 2 )), (3.2) 

where ai G S, pi G B, ai G A, i = 1,2. 

If S' is a group, then L is also a group precisely if/iSxS'—7>Aisa factor 
system for S. From this it follows: 

Remark 3.2. If the loop S' = {e,a} and f{a,a) is contained in the centre 
of A, then the loop L of type (|3.1I) is a group. 

Since extensions of type (13.11) do not allow a classihcation in this paper we 
treat a particularly simple type of extensions m- 

Definition 3.3. Let A be a group and let (S, h) be a weighted Steiner loop. 
A Steiner-like loop is an extension dSA]) such that for the map / : S' x S' —>■ A 
one has f{x, y) = h{x)h{y) for all x,y G S \ {e} and x ^ y. 

Since S' is a Steiner loop we have x~^ = x and f{x~^,x) = f{x,x). 
Hence the left inverse of an element of L coincides with the right inverse 
if and only if the set {f{x,x); x G S} is contained in the centre of A. A 
Steiner-like loop L is commutative if and only if A is commutative. 

A Steiner-like loop is power-associative precisely if the set {/(x,x); x G 
S'} is contained in the centre of A. In general, if S' is a finite Steiner loop with 
n elements and if we take for the group A an extension of an abelian group Z 
by a hnitely generated group D, then mapping x 1 -^ h{x), x G S'\{e}, where 
h{x) is a generator of D, we obtain a Steiner-like loop L, if the number of 
the generators of D does not exceed n — 1 and the set {/i(x); x G S \ {e}} 
contains a set of generators of D. 
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4 Restricted Fischer groups and weighted Steiner 
triple systems 

Definition 4.1. Let {&,T) be a finite Steiner triple system and G be a 
group generated by a set I of involutions. If zu is a mapping from © onto X 
such that 

w{x)w{y)w{x) = w{xy), (4-1) 

where x, y and xy are points of a block t of T, then we say that is 

a weighted Steiner triple system. 

The group generated by w{x) and w{y) for different points x and y is 
according to (14.ip either the group of order 2 or the symmetric group of order 
6 . If for any two points x and y the group {w{x),w{y)) is abelian, then G is 
isomorphic to Z 2 . Let t = {x,y,z) be a block of T such that {w{x),'w{y)) is 
the symmetric group of order 6 . Let Vi, - ■ ■ , I 4 be the maximal sets of points 
in 6 having the values wi, - ■ ■ ,'Wk and one has I = {rci, • • • , Wk}- Because 
of (14.ip the sets Vi form Steiner triple subsystems (which can be also points) 
such that Wai = wi for all points ai € V) and V) fl V)- = 0. Moreover, one 
has WiWj 7 ^ WjWi for all i j and hence the group {wi,Wj) for all i j 
is the symmetric group of order 6 . For the elements of the set I one has 
o{wiWj) = 3 and WiWjWi € X. Hence G is a restricted Fischer group with X 
as a set of generators ([lO], p. 20). The Fischer space C{X) corresponding to 
the Fischer group G has as points the elements of X and as lines the triples 
{wi,Wj,WiWjWi} for all z 7 ^ j € T m, p. 92). The number of elements of X 
is 3*^. According to [T], p. 94, the Fischer space C{X) is a Hall system, i.e. 
any three non-collinear points of X generates the affine plane of order 3 and 
the group G consists of automorphisms of C{X). Let ip : & ^ be the 
mapping x 1 —>■ w{x). Then (/j is a homomorphism of Steiner triple systems 
since for the points x, y, xy of a block t one has either w{x) = w{y) = w{xy) 
or w{x), w{y), w{xy) are different points of a block in C{X). 

Conversely, let G be a restricted Fischer group generated by a set X of 
involutions. Let C{X) be the corresponding Fischer space. We call a Steiner 
triple system 6 a covering of C{X) if there is an epimorphism p : G ^ 

Then S' is a weighted Steiner triple system with values in X if we put w{x) = r 
for all x € p~^{r) and r G X(X). Summarizing the above discussion we 
obtain 

Theorem 4.2. A Steiner triple system G is a weighted Steiner triple system 
such that the group G generated by the set X of involutions w{x), x € G, is 
non-abelian if and only if G is a restricted Fischer group and G covers the 
Fischer space C{X). 

M. Hall is classified all restricted Fischer groups of rank 4 determinating 
the largest restricted Fischer group of rank 4. This group has order 2 • 3^^ 


6 


and its homomorphic images of rank 4 give all restricted Fischer groups of 
rank 4. By this he obtained also a classihcation of all Hall systems which 
can be generated by four distinct points (see 19, in [T], pp. 94-101). 

The simplest cases of coverings of Fischer space arise from epimor- 
phisms of affine spaces over the field GF{3). Let G be the semidirect 
product of the elementary abelian 3-group (F, -|-) of order 3® by a group 
(a) of order 2 acting on F as x !->■ —x for all x € (F,Then G is 
a restricted Fischer group such that the Fischer space C{X) correspond¬ 
ing to the set Z = {{x,a);x € F} of generating involutions of G is the 
affine space over GF{3) of dimension s. The mapping (xi,--- ,Xs) i->- 
((xi,a),--- ,(xs,a)) is an isomorphism from (F,-|-) onto C{Z). Let W be 
the affine space over GF{3) of dimension n with n > s. Then the mapping 
r : (^ 1 , • • ■ , Zn) !--)• (zi, • • • , Zs) 0, • • • ,0) is an epimorphism from W onto F. 
One has ,Zs) = - ,Zs,ys+ir-- ,yn);yi € GF{3),s -h 1 < 

I < n}. Assigning to any element u of t~^{zi,--- ,Zs) the value w{u) = 
((zi, a), ■ ■ ■ ,{zs, a)) we see that IF is a covering of the Fischer space C{Z). 

Proposition 4.3. Let (©, w,Z) be a weighted Steiner triple system such that 
the mapping w : & ^ Z, x ^ Wx is bijective and the group G generated by 
the setZ is non-abelian, then the multiplication * on & defined by x*y = x-y 
for all X y & & and x * x = x gives a distributive symmetric quasigroup. 

Proof. By Theorem 14.21 the group G is a restricted Fischer group and the set 
21 = {rca,; X G S} is a set of generators of G. Hence one has WxWyWx = Wxy 
Since the mapping w ■. x Wx is, bijective we have w~^{wxy) = x-y = x*y. 
The set Z is with respect to the multiplication (wx o Wy) = WxWyWx a 
distributive symmetric quasigroup (cf. [ 2 ], p. 387). Since w{x * y) = Wxy = 
WxWyWx we have 

{wx O {wy o Wz)) = WxO {wyWzWy) = o w{y * z) = 

Wxw{y * z)wx = w{x * {y * z)) 

and 

{{Wx O Wy) O {Wx O Wz)) = w{x * y) o w{x * z) = 

w{x * y)w{x * z)w{x * y) = w{{x *y) * {x * z)). 

As {wx o {wy o Wz)) = {{wx o Wy) o {wx ° wz)), then using w~^ we get that 
(6, *) is a distributive symmetric quasigroup. □ 

5 Weights of Steiner loops S 

Lemma 5.1. Let L be a Steiner-like loop such that the Steiner loop S has 
more than 2 elements and the set K. = {h{x)h{y); x,y € S \ {e},x 7 ^ y} is 
contained in the centre Z[A) of the group A. Then the group D generated 
by the set ZL = {h{z)] z & S \ {e}} is abelian. 
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Proof. As h{x)h{y) = zi G Z{A) and h{y)h{x) = Z 2 € Z{A) we have h{x) = 
zih{y)~^ and hence zi = Z 2 . It follows that the range of the function h is 
commutative and hence the group D is abelian. □ 

Lemma 5.2. Let L he a Steiner-like loop. Let D he the group generated hy 
the set LL = {h{z); z £ S \ {e}}. We assume that the set T = {f{x, x); x £ 
5} is contained in the centre Z{A) of A. If for all x,y £ S \ {e} with x ^ y 
the identity 

h{x)h{y)h{x)h{xy) = f{x,x) 
holds, then the following properties are satisfied: 

a) The set {h{xfi‘, x £ S \ {e}} is contained in the centre Z{D) of D. 
h) For arbitrary block t = {x, y, xy} of the Steiner triple system {S \ {e}, T) 
belonging to L let Ht be the group generated by the set {h{x), h{y), h{xy)}. 
Then the following holds: 

(i) If the factor group Ht/{Ht F Z(D)) is different from the identity, then it 
is isomorphic either to S 3 or to Z 2 . If the factor group Ht/{Ht n Z{D)) is 
the identity or isomorphic to Z 2 , then the group Ht is abelian. 

(a) The group D is abelian if and only if for every block t £ T the group Ht 
is abelian. 

Proof. As h{xy)h{x)h{xy)h{y) = f{xy,xy) = h{xy)h{y)h{xy)h{x) one has 
h{x)h{xy)h{y) = h{y)h{xy)h{x). (5.1) 

Since f{x,x) £ Z{A) for all x € 5 we have 

h{x)~^{h{x)h{y)h{x)h{xy)\h{x) = h{x)h{y)h{x)h{xy) = h{y)h{x)h{xy)h{x) 

(5.2) 

and 

h{y)[h{x)h{y)h{x)h{xy)\ = [h{x)h{y)h{x)h{xy)]h{y). (5.3) 

Using (|5.2p on the left hand side of (15.3p and (|5.ip on the right hand side of 
O we obtain h{y)‘^h{x)h{xy)h{x) = h{x)h{y)‘^h{xy)h{x) or equivalently 
h{yfih{x) = h{x)h{yY for all x 7 ^ y € 5 \ {e}. Hence the assertion a) is 
proved. 

For elements h{x)Z{D) of D/Z{D) one has h{x)h{y)h{x)h{xy)Z{D) = 
Z{D). As 

h{xy)h{x)Z{D) = [h{x)h{y)h{x)h{xy)]h{xy)h{x) Z [D) = 
h{x)h{y)h{xy)‘^ h{x)‘^ Z (D) 

we get h{xy)h{x)Z{D) = h{x)h{y)Z{D). Analogously we have 
h{x)h{y)Z{D) = h{xy)h{x)Z{D) = h{y)h{xy)Z{D), 
h{y)h{x)Z{D) = h{x)h{xy)Z{D) = h{xy)h{y)Z{D). 


(5.4) 


Let t be an arbitrary block of {S \ {e}, T) consisting of points x, y, xy. The 
factor group Hf/Zt, where Zt = Ht (1 Z{D) is generated by the elements 
h{x)Zt, h{y)Zt, h{xy)Zt. If h{x)Z{D) = h{y)Z{D) = h{xy)Z{D) = Z{D), 
then Ht/Zt is the identity and the group Ht is abelian. If h{x)Z{D) ^ Z{D), 
then it follows from a) that h{x)Z{D) is an involution. If all generators are 
different involutions, then because of (|5.4I1 we have 

[h{x)h{y)fZt = h{x)[h{y)h{x)][h{y)h{x)]h{y)Zt = 
h{x)h{x)h{xy)h{xy)h{y)h{y)Zt = Zt- 

Hence h{x)h{y)Zt generates a group T of order 3 and h{y)h{x)Zt is the 
inverse of h{x)h{y)Zt. Moreover, it follows from relations (15.41) that all 
three elements h{x)Zt, h{y)Zt, h{xy)Zt invert any element of T. Hence 
Ht/Zt is isomorphic to ^ 3 . If two generators of Ht/Zt coincide, then Ht/Zt 
is isomorphic to the cyclic group of order < 2. As Ht H Z{D) < Z{Ht) in 
this case the group Ht = {h{x), h{y), h{xy)) is abelian and the assertion (i) 
is proved. 

If for every block t gT the group Ht is abelian, then one has h{x)h{y) = 
h[y)h{x) for all x 7 ^ y € S'yje}. Hence the range of h is commutative which 
yields that the group D is abelian and the assertion (ii) follows. □ 

Theorem 5.3. Let L be a Steiner-like loop. We assume that the set T = 
{f{x,x);x G S} is contained in the centre Z{A) of the group A. Let D he 
the group generated by the set H = {h{z); z € S \ {e}}. If S has more than 
4 elements, then the following properties are equivalent: 
a) For all x,y & S \ {e} with x ^ y the identity 

h{x)h{y)h{x)h{xy) = f{x,x) (5-5) 


holds. 

b) If the group D is abelian, then precisely one of the following cases holds: 

(i) For all X ^ S \ {e} one has h{x) = t, f{x,x) = and D = {t). 

(ii) There is a subloop U of the Steiner loop S such that S is the direct 
product of U and Z 2 and h{x) = t ^ 1 for all x € U whereas h{y) = too = ut 
with a fixed involution u for all y G S \ U. The elements f{x,x) have the 
form t^ or t^uj depending whether x G U, respectively x . The group D 
is the direct product of (t) and (co). 

If the group D is non-abelian and the Steiner loop S is finite, then one has 
h{x) = uujx = uJxU, where u is a fixed element of A which centralizes any 
element of D and for the order o{uJx) of the element ojx of A one 
has o{u:x) < 2. For every x G S \ {e} one has f{x,x) = . IfT is the set 

of different involutions in the factor group D{u)/{u) = {ujx{v),x G S \ {e}), 
then D{u)/{u) is a restricted Fischer group generated by T. 

The Steiner-like loop L is the direct product of A and S precisely if D has 
order < 2. 
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Proof. First we assume that identity ()5.5p is satisfied. Then we have 

h{y)h{x)h{y)h{xy) = f{y,y) (5.6) 

and 

h{xy)h{y)h{xy)h{x) = f{xy,xy). (5.7) 

Moreover, from (15.51) it follows 

h{xy) = h{x)~^h{y)~^h{x)~^f{x,x). (5.8) 

Putting (|5.8p into equation (|5.6p . respectively into equation (15.7p we obtain 


h{x) ^h{y) ^h{x) ^f{x,x) = h{y) ^h{x) ^h{y) ^f{y,y) (5.9) 

respectively 

h{x)~^h{y)~^h{x)~^f{x, x)h{y)h{x)~^h{y)~^ f{x, x) = f{xy, xy). (5.10) 

Putting (15.9|) into (15.101) we have 

h{y)~^h{x)~^h{y)~^f{x, x)f{y, y) = f{xy, xy). (5.11) 

Since f{x,x)f{y,y)f{xy,xy)~^ G Z{A) and {/i(x)2; x e S \ {e}} G Z{D) 
(see Lemma [52] a)) equation ()5.11l) yields 

f{x, x)f{y, y)f{xy, xy)~^ = h{x)^h{y)^ = h{y)^h{x)^. (5.12) 

From (15.121) it follows 

h{xy)‘^Kyf = fixy, xy)f{y, y)fix, x)~^, (5.13) 

h{xfh{xyf = f{x, x)f{xy, xy)f{y, y)“\ (5.14) 

f{xy, xy) = f{x, x)f{y, y)h{x)~‘^h{y)-‘^. (5.15) 

Putting (15.151) into equations (I5.13P and (15.141) we obtain 

h{xy)‘^h{yf = f{y,y)‘^h{x)~‘^h{y)~‘^ (5-i6) 

and 

Kxyf = f{x,x)‘^h{x)~'^h{y)~‘^. (5.17) 

The substitution of (j5.17l) in equation (I5.16p yields 

/(x, x)^h{x)-‘^ = f{y, y)‘^h{y)-^. (5.18) 

Hence f{x, x)^ = rh{x)‘^ for all x G 5 \ {e}, where r is a fixed element of A. 
Squaring equation (|5.12p and putting there /(x,x)^ = rh{x)‘^ we have 

h{x)‘^h{y)‘^h{xy)‘^ = r or equivalently h{y)‘^h{xy)‘^ = rh{x)~‘^ (5.19) 
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for all X / y G 5 \ {e}. Leaving x fixed we obtain for yi 7 ^ y G S' \ {e} 

h{yifh{xyif = rh{x)~‘^. (5.20) 

From (jb.lOp and (j5.20D it follows 

KyfKyi)-"^ = h{xyifh{xy)~‘^. (5.21) 

Putting z ^ X € S \ {e} into (15.211) we obtain 

Hyfh{yi)~‘^ = Kzyifhizyy"^. (5.22) 

Comparing equations (|5.21l) and (15.221) one has 

HyfHyiy'^ = h{xyifh{xy)~‘^ = h{zyifh{zy)~‘^ = s (5.23) 

for all X 7 ^ z 7 ^ y 7 ^ yi G S \ {e}. Interchanging the variables y 7 ^ yi G 
S \ {e} we obtain h{yif‘h{y)~‘^ = s = h{y)‘^h{yi)~‘^. This yields = 1 and 
h{yY = h{yi)^ for all y,yi G 5\{e}. Since h{yyif = h{yif = sh{yf for all 
yi 7 ^ y G 5 \ {e} using equation ()5.19p for y, yi, yyi we get h{y)‘^s‘^h{y)^ = r 
or equivalently /i(y)® = r for all y 7 ^ 5 \ {e}. Since for all x, y G S' \ {e} one 
has /i(x)® = /i(y)® and h{x)^ = h{y)^ we obtain /i(x)^ = h{y)‘^ = w. Hence 
/i(x) = uijJx = ijJxU with V? = w and the order of the element Ux is < 2. 
Since h{x) = uux identity (j5.5l) gives that /(x,x) = u'^uixUJyUxtVxy 

If the function h : S'\{e} ^ H is constant, then h{x) = t for all x G S'\{e} 
and D = {t). This gives case (i). 

If D is abelian, but the function h is not constant, then D{u) is abelian 
and by Lemma 15.21 the set T of different involutions in D{u)/{u) consists 
of the element uj{u) since otherwise for the different involutions 0 Jx, 0 Jy the 
factor group Ht/Zt = Z 2 x Z 2 , where Ht = {uujx,uuy,uujxy) for the line t 
joining the points x and y of S' \ {e}. As h{x) = uux with = 1 or = cu 
and h is not constant we have u ^ uoj and the group D is the direct product 
{u) X (cu) of order > 2. 

Since any two points x, y in the Steiner triple system S \ {e} are joined 
by a line we have 

h{x)h{y)h{xy) = /(x, x)/i(x)“^ = /(y, y)/i(y)“^ = h{y)h{x)h{xy) = I 

for suitable constant I in the abelian group D. As h{x) = u or h{x) = uoj 
for every x G 5 \ {e} we get I = or I = u^lo. 

Let I = V?. Since the function h is not constant there is a point x G S'\{e} 
such that h{x) = u. If for all elements z G 5 \ {e, x} one has h{z) = uuj, 
then we would have a line t = {z,w,zw} such that h{z)h{w)h{zw) = u^uj. 
Now we consider the set A C 5 \ {e} such that for every point x G A one 
has h{x) = u. The elements A U {e} form a Steiner subloop U of the Steiner 
loop S. For the elements z G S \ U one has h{z) = uu and for any two 
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elements ol S \ U the third point of the joining line lies in U. Identifying 
the points of U with the pairs (a, e), a € U, and a point z G S \ U with the 
pair (e, z) we see that S is the direct product of U and Z 2 . 

If I = u^uj proceeding analogously we obtain that S is the direct product 
of the subloop U and Z 2 such that U \ {e} consists of elements z with 
h{z) = uuj whereas for the elements x of the set S \ U one has h{x) = u. 
This yields assertion (ii). 

Let D be non-abelian and let T be the set of all different involutions in the 
factor group D{u)/{u) = {ujx{u),x G S \ {e}). Since any two involutions in 
r generates the symmetric group S 3 (cf. Lemma [52]) we have f{x,x) = 
and the group D{u)/{u) is a restricted Fischer group (cf. Theorem 14.2p . 
Hence the assertion b) follows from a). 

Conversely, if D is not abelian, then UxUJyUxi^xy = 1 and f{x,x) = 
h{x)h{y)h{x)h{xy) = u^. If the group D is abelian and for all x G 5 \ {e} 
one has h{x) = t, then f{x,x) = h{x)h{y)h{x)h{xy) = Depending 
whether x G U or x ^ U we obtain f(x,x) = h{x)h{y)h{x)h{xy) equals to 

respectively 

It follows from Remark 3.1 that the loop L is the direct product of A 
and S if and only if lOx = cOy for all x,y G S \ {e}. Then the group D is 
abelian and generated by t and uj. For x G U and y G S \ U we obtain 
1 = h{x)h{y) = t^uj, whereas for x, z G U we get 1 = h{x)h{z) = Hence 
one has cu = 1 and the last assertion of the theorem is proved. □ 

Proposition 5.4. Let L be a Steiner-like loop such that S = {e, x, y, xy} 
is the elementary abelian group of order 4. We assume that the set T = 
{f{x,x);x G S} is contained in the centre Z{A) of the group A. Let D be 
the group generated by the set LL = {h{z); z G S \ {e}}. Then properties a) 
and b) are equivalent: 

a) For all x,y G S'\{e} with x ^ y identity 15. 5)) in Proposition 15.31) holds. 

b) If the group D is non-abelian, then it is a product K ■ (a), where a = h{x) 
and t = h{x)h{y), such that the abelian group K has the form (s) x Z{D), 
where the cyclic group (s) of order 3 is the commutator subgroup D' of D, 
the group Z{D) is generated by a? and t^ and a inverts any element of (s). 

If the group D is abelian, then D is generated by three elements h{x) = a, 
h{y) = b and h{xy) = c such that a, b and c commute and one has 

f{x,x) = al, f{y,y)=bl, f{xy,xy) = cl, (5.24) 


where I = abc. 

The Steiner-like loop L is the direct product of A and S precisely if the group 
D has order < 2. 

Proof. We assume that condition a) holds. The group D is generated by the 
elements h{x), h{y), h{xy). If D is not abelian, then according to Lemma [5l2] 
the set {/i(x)^,/i(y)^,/i(x 7 /)^} is contained in the centre Z{D) of D and the 
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factor group D/Z[D) is isomorphic to S^. The group D is generated by the 
elements h{x) = a and h{x)h{y) = t such that and G Z{D). 

As a~^ta = t~^z with a suitable element z G Z{D) one has = a~^t^a = 
t~^z^ and hence z^ = Since G Z{D) we have = 1 and 

^. 2 n-l^-r^ 2 n+l^r ^ z-^ for all n,r € N. As G Z{D) one 

has = 1, = t^z~^, = t^z~‘^ for 

all r G N. Hence the commutator subgroup D' of D generated by t^z~^ = s 
is the cyclic group of order 3 which is not contained in Z{D). Therefore 
D' n Z{D) = {1} and the direct product K = D' x Z{D) is a normal 
subgroup of index 2 in D. Since G Z{D) the element a induces on K 
an involution fixing Z{D) elementwise and acting on (s) by a~^sa = 
Hence D = K ■ (a) with K = {s) x Z{D) such that Z{D) is generated by 
and 

Conversely, the element h{xy) has the form h{xy) = taz, z G Z{D). 
Using h{y) = a~^t and putting f{x,x) = a^z, f{y,y) = t^z, f{xy,xy) = 
t^a^z we see that identity (j5.5D is satisfied. 

If the group D is abelian, then putting h{x) = a, h{y) = h and h{xy) = c 
into identity (15.5p we obtain identity (15.241) with I = abc. If identity (I5.24p 
holds, then identity (|5.5p is satisfied. 

If the group D is non-abelian, then it contains two non-commuting ele¬ 
ments h{x) = a and h{x)h{y) = t. By Remark 3.1 the loop L is the direct 
product of S and A only if f = 1. Since a~^ta = t~^z with a suitable ele¬ 
ment z G Z{D) and a ^ Z{D) we get a contradiction. Hence the group D 
is abelian. In this case the loop L is the direct product of S and A if and 
only if a = 6 = c and for the order o(a) of o one has o(a) < 2. This proves 
the last assertion. □ 

Proposition 5.5. Let S be a Steiner loop and A be an abelian group. Let 
f be a mapping S x S ^ A such that for x ^ y G S \ {e} one has f{x, y) = 
h{x)h{y) for a mapping h : S \ {e} —> A and f{x,e) = /(e, x) = 1 for all 
X G S. Then the following assertions are equivalent: 
a) For all x,y G S \ {e} and x ^ y the identity 

h{xfh{yf = f{x, x)f{y, y)f{xy, xy)~^ (5.25) 


holds. 

h) If S has more than 4 elements, then the elements h{x) have the form 
h{x) = uojx, where u is a fixed element of A and for the order o(u!x) of 
the element ojx one has o(u;x) < 2. The elements f{x,x) have the form 
f{x,x) = u'^px such that for the order o{px) of the element px one has 
o{px) < 2 and pxPy = Pxy for all x y G S \ {e}. Let T he the set of 
the different involutions in {lOx,x G S \ {e}}. The group D{u) is the direct 
product (u) X (r). 

If S = {e, X, y, xy} is the elementary abelian group of order 4, then one 
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has 


h{x) = a, h{y) = (3, h{xy) = 7 , (5.26) 

f{x, x) = f{y, y) = ajS'^lPy, f{xy, xy) = ajd'j^pxPy, 

where a,f3,'y are elements of A, whereas the orders of px,Py are at most 2. 

If the Steiner loop S has more than four elements, then the Steiner-like 
loop L is the direct product of A and S precisely if the group D is the direct 
product (u) X (w) such that for the orders o{u) as well as o{u}) one has 
o{u) < 2 and o{uj) < 2 and px = I for all x € S \ {e}. If S = {e,x,y,xy} 
is the elementary abelian group of order 4, then L is the direct product of A 
and S precisely if the group D has order < 2 and Px = I for all x € S \ {e}. 

Proof. Identity (I5.25P is the same as identity ()5.12l) in the proof of Theorem 
15.31 If |5| > 4, then using (|5.19p it follows as in the proof of Theorem 
15.31 that for all x G 5 \ {e} one has h{x) = uoJx = oJxU, where o{ijJx) < 
2 . Since f{x,x)‘^ = rh{x)‘^ = one has f{x,x) = u'^px = PxU^, where 
o{px) < 2. Using this relation identity (j5.25p yields that pxPy = Pxy for 
all X y G S \ {e}. Since the group D{u) is generated by D and (u) we 
have D{u) = (u) x (T), where T is the set of the different involutions in 
{ujx,x G S\ {e}}. 

If S is the elementary abelian group of order 4, then identity (j5.19h yields 
that for all x G -S'\{e} one has f{x, = rh{x)‘^ with r = h{x)‘^h{y)‘^h{xy)‘^. 
Putting h{x) = a, h{y) = (3 and h{xy) = 7 into this relation we get 

fix, x)^ = f{y, yf = fixy, xyf = 0 ^/ 3 %^. 

As the group A is abelian it follows that 

fix, x) = a^j3-fpx, fiy, y) = a/3^jpy, fixy, xy) = al3j^pxy 

such that the orders of Px,Py,Pxy are at most 2. Moreover, identity (15.2511 
gives pxPy = Pxy Hence from assertion a) it follows b). 

Conversely, if assertion b) is satisfied, then identity (I5.25p holds. Hence 
a) and b) are equivalent. 

By Remark 13.11 the loop L is the direct product of A and S if and 
only if fix,y) = 1 for all x,y G S. First we assume that |S| > 4. Since 
/i(x)/i(y) = u'^iOxUiy = 1 = /i(x)/i(xy) = u^oJxOJxy for all X 7 ^ y G S \ {e} 


it follows uix = ui for all x G 5 \ {e} with 0 ( 0 ;) < 2 and hence = 1. As 
fix, x) = u^px = 1 for all X G S' \ {e} we get Px = I- for all x G S \ {e}. 

If S is the elementary abelian group of order 4, then /(x,y) = 1 for 
all x,y G S precisely if a = /3 = 7 such that o(a) < 2 and px = I for all 
X G S \ {e}. □ 


The structure of the group D{u) in Proposition 15.51 differs significantly 
from the structure of this group in Theorem 15.31 since we can not use Lemma 

[Ql 
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6 Elementary properties of Steiner-like loops 

Proposition 6.1. A Steiner-like loop L is flexible if and only if the set 
{f{x,y)-,x, 

y £ S} is contained in the centre of the group A. 

Proof. According to Proposition 3.10 in m, p. 767, the loop L is flexible 
if and only if 

f{xy, x)f{x, y)i = f{x, xy)^f{y, x) (6.1) 

holds for all x,y £ S and £ A. Putting ^ = 1 into (|6.ip one has 

f{xy,x)f{x,y) = f{x,xy)f{y,x). 

Using this relation identity (16.ip reduces to f{y,x)f, = f,f{y,x). Hence we 
obtain f{x,y) £ Z{A) for all x,y £ S. 

If f{x,y) £ Z{A) for all x,y £ S, then using the function h we obtain 
h{x)h{y) £ Z{A). This yields that the range of h is commutative (see 
Lemma EU) and hence identity (j6.1li is true. □ 

In a flexible Steiner-like loop L for any element the left inverse and the right 
inverse coincide and the group A is contained in the nucleus of L. 

Proposition 6.2. For a Steiner-like loop L the following properties are 
equivalent: 

a) L is right alternative, 

b) L satisfies the right inverse property, 

c) the set T = {f{z,z)] z £ S} is contained in the centre of A and identity 
as. 5\) of Theorem 15.31 holds. 

Proof. For all (x,^) and {y,r]) of L identity (12.3p holds if and only if the 
identity 

V~^f{xy, x)f{y, x)r] = f{x, x) (6.2) 

is satisfied. If x = y we obtain that the set F is contained in the centre of 
A. Using for X 7 ^ y the mapping h we obtain with y = h{xy) identity (15.511 
of Theorem 15.31 

The loop L satisfies the right inverse property if and only if for all (x,^) 
and (y, y) of L identity (|2.5p holds, where (x,^)^ is the right inverse of 
(x,^). Since (x,^)^ = (x, ^“^/(x, x)“^) identity (12.5p yields again identity 

(lOl . □ 

In a right alternative Steiner-like loop L for any element the left inverse and 
the right inverse coincide. 

Proposition 6.3. For a Steiner-like loop L the following properties are 
equivalent: 

a) L is left alternative. 
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b) L satisfies the left inverse property, 

c) the sets T = {f{z, z); z € S'} and 1C = {/i(x)/i(y); x,y € S \ {e}, x y} 
are contained in the centre of A and identity (EJj of Theorem, \ 5.!^ is satisfied. 

Proof. For all and {y,r]) of L identity (12.21) holds if and only if the 

identity 

f{x, xy)Cf{x, y) = f{x, x)f, (6.3) 

is satisfied. Putting in this identity x = y it follows that the set J- is 
contained in the centre of A. Using for x y the mapping h we obtain 

h{x)h{xy)ih{x)h{y)C^ = f{x,x). (6.4) 

For any x and y, x ^ y, the product h{x)h{y) is contained in the centre of 
A and hence identity (16.41) reduces to identity (j5.5l) of Theorem 15.31 

The loop L satisfies the left inverse property if and only if for all {x,ff) 
and {y,ri) of L identity (12.4p holds, where {x,ff)^ is the left inverse of {x,ff). 
Since {x,fi)^ = {x, f {x, x)~^ identity (12.41) yields 

C^f{x, y)f.fix, xy) = f{x, x) (6.5) 

for all x,y £ S and f £ A. Therefore the set {f(x,x); x £ S} as well as all 
products h{x)h{y), x,y £ S \ {e} with x y are contained in the centre of 
A. Hence identity (j6.5p reduces to identity (j5.5p . □ 

A Steiner-like loop L which has the left inverse property has the inverse 
property (Propositions 16.21 16.3|) . In a left as well as a right alternative 
Steiner-like loop the values f{x,x) are determined by the function h. Any 
left alternative Steiner-like loop L is also right alternative. 

Proposition 6.4. A Steiner-like loop L satisfies the cross inverse property 
if and only if the group A is commutative and identity ([273]) of Theorem \5.S\ 
holds. 

Proof. The Steiner-like loop L satisfies the cross inverse property if and only 
for all (x,^) and {y,r]) of L identity (12.61) holds, where (x,^)^ is the right 
inverse of (x,^). Since (x,^)^ = (x, ^“^/(x, x)“^) identity (12.61) gives 

f{xy,x)f{x,y)f,T]f~^f{x,x)~^ = y 

for all x,y £ S and f,,r] £ A. Putting x = e it follows that the group A is 
commutative. Using the function h we obtain /(x,x) = h{x)h{y)h{x)h{xy) 
which yields the assertion. □ 

Any Steiner-like loop L satisfying the cross inverse property is commutative, 
alternative and has the inverse property. 

If L is right alternative or it has the right inverse property and the group 
D generated by the set {/i(x), x G *S'\{e}} is not abelian, then L cannot have 
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the left inverse property, one has h{x) = uojx with o{uJx) < 2 and the factor 
group D{u)/{u) is a restricted Fischer group. If the group D is abelian, then 
the Steiner-like loop L has neither the left inverse nor the left alternative 
property if and only if the set /C = {h{x)h{y)] x,y G S \ {e},x ^ y} is not 
contained in the centre of A. 

Lemma 6.5. A Steiner loop S is a Bol loop if and only if S is an elementary 
abelian 2-group. 

Proof. Since a commutative right respectively left Bol loop is Moufang (cf. 
[8], p. 121) and any Moufang loop of exponent 2 is an elementary abelian 
2-group (cf. Proposition 2 in [3], p. 35) the assertion follows. □ 

Theorem 6.6. Let L be a Steiner-like loop such that S has more than 4 
elements. Then the following conditions are equivalent: 

(i) L is a group. 

(a) S is an elementary abelian 2-group and for all x G 5'\{e} one has h{x) = 
t and f{x,x) = where t is a fixed element of A such that t^ € Z{A). 

(Hi) L is the direct product of the group A and an abelian group C with 
amalgamated cyclic central subgroup A such that the factor group S = C/A 
is an elementary abelian 2-group. 

(iv) L is a left Bol loop. 

Proof. First we assume that L satishes the associative law. This is the case 
precisely if S is an elementary abelian 2-group and 

f{xy, z)f{x, y)C = f{x, yz)Cf{y, z) (6.6) 

holds for all x,y,z G S and G A. Putting x = e into identity (16.6p one has 
f{y, z) G Z{A) for all y,z G S. Hence (16.61) reduces to 

fix,y)f{xy,z) = f{y,z)f{x,yz). 

Since the range of h is commutative (cf. Lemma f5.ip this identity yields that 
h{x) = t for all x G S'\{e}. For x = y we get /(x, x) = h{x)h{z)h{x)h{xz) = 
t^ for all X € 5* \ {e} and h{x)h{y) = t^ G Z{A). Hence property (i) yields 
property (ii). Using the Construction in Section 3 from property (ii) we 
obtain the assertion (iii). Now we assume that (iii) holds. The multiplication 
of L on the set S x B x A given by ()3.2I) is associative if and only if 

HPiP 2,P3)HP1,P2) = k{pi,p2P3)k{p2,P3) 

holds for all pi,p 2 , P 3 G B, where the map k : B x B ^ A is a factor system 
for the group B. From identity (1) of Satz 14.1 in [5] (p. 86) we obtain that 
this identity is true and (i) follows. 

Clearly from (i) it follows (iv). It remains to prove that if L is a left Bol 
loop, then L is a group. If L is a left Bol loop, then S is an elementary 
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abelian 2-group (see Lemma l6.5p . Moreover, L is left alternative, i.e. the 
sets {f{x,x)] X G 5}, {h{x)h{y)\ x,y G S\ {e},x ^ y} are contained in 
the centre of A and identity (j5.5li of Theorem 15.31 holds (see Proposition 
16.3p . Hence every left Bol loop is right alternative (cf. Proposition 16.2p and 
therefore it is a Moufang loop (cf. Theorem IV.6.9 in [8], p. 116). Then L 
satisfies the right Bol identity, i.e. for all {x,a), {y,f3), (^, 7 ) of L identity 
(j2.1Up holds, which reduces to 

h{xyz) = h{y)h{xy)h{xz)~^. (6.7) 

Putting z = y into (|6.7I) we obtain h{x) = h{y) and hence h{x) = t € A for 
all X G 5 \ {e} and f{x,x) = where f is a fixed element of A such that 
G 2(A) and the assertion (ii) follows. This completes the proof of the 
theorem. □ 

Theorem 6.7. Let L be a Steiner-like loop such that S = {e, x, y, xy} is 
the elementary abelian group of order 4. Then the following conditions are 
equivalent: 

(i) L is a group. 

(ii) L is left alternative or it has the left inverse property. 

(Hi) L is a left Bol loop. 

Moreover, L is a commutative group if and only if L has the cross inverse 
property. 

Proof. Since every left Bol loop is left alternative we have only to prove that 
(ii) implies (i). A Steiner-like loop L is left alternative if and only if the sets 
{/(x,x); X G S}, {h(x)h(y)-, X ^ y G S \ {e}} are contained in the centre of 
A and identity ()5.5p of Theorem 15.31 holds (cf. Proposition 16.3p . Using this 
if S has only 4 elements, then identity (16.6p trivially holds. 

According to Proposition 16.41 the loop L has the cross inverse property 
precisely if L is left alternative and the group A is commutative. In this 
case L is abelian (see Section 3, p. 5) and the last assertion follows. □ 

Proposition 6.8. Let L be a proper Steiner-like loop. 

a) Lf S = {e, x,y, xy} is the elementary abelian group of order 4, then the 
loop L satisfies the right Bol identity if and only if the range of h is com¬ 
mutative, the set {/(x,x); x G S'} is contained in the centre Z{A) of A and 
identity \5.5\) of Theorem \5.S[ holds. 

b) If the Steiner loop S has more than 4 elements, then the loop L is a 
right Bol loop precisely if S is an elementary abelian 2-group and for all 
X G S\{e} one has h{x) = t and /(x,x) = t'^ with a fixed element t of A, 
but t^ 2(A). 

Proof. The loop L is a right Bol loop if and only if the Steiner loop S = L/A 
is an elementary abelian 2-group (cf. Lemma 16.5p and for all x,y,k G S and 
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a G A identity 

f{k, y)af{xy, x)f{x, y) = f{xyk, x)f{xk, y)f{k, x)a (6.8) 

holds. Since every right Bol loop is right alternative, the set {f{x, x); x € S'} 
is contained in the centre of A and identity (jS.Sp of Theorem 15.31 holds (cf. 
Proposition 16. 2 p . Using the function h, putting k = e and a = h{xy) into 
(16.8p we have 

h{x)‘^ h{y)h{xy) = h{xy)h{x)‘^ h{y) (6.9) 

for all X 7 ^ 7 / € S \ {ej. According to Lemma E2] a) we have h{xy)h{x)‘^ = 
h{x)‘^h{xy) for all x,7/ € S \ {e}, x ^ y. Hence identity (j 6 . 9 ll reduces to 

h{xy)h{y) = h{y)h{xy) 

for all X 7 ^ 7 / € S \ {e} which gives that the range of h is commutative. 
Therefore if |S| = 4 we have assertion a). 

Now we assume that |S| > 4. Interchanging x and k into identity (16.8p we 
get 

f{x, y)af{ky, k)f{k, y) = f{xyk, k)f{xk, y)f{x, k)a (6.10) 

for all x,y,k G S and a G A. As the range of h is commutative identity 
(j6.8p reduces to h{y)h{xy) = h{xk)h{xyk) and identity ()6.10p reduces to 
h{y)h{ky) = h{xk)h{xyk) for all x,y,k G S\ {e}, x ^ y, x ^ k, y k. 
Comparing the last two identities we get h{xy) = h{ky) or equivalently 
h{x) = t and /(x, x) = with a fixed element t G A for all x G S \ {e}. 

Conversely, if h{x) = t and /(x,x) = but ^ Z{A), then identity 
(j6.8p holds for all x,y,k G S and a G A. Hence L satisfies the right Bol 
identity. □ 

A Steiner-like right Bol loop L does not need to be left alternative as the 
following examples show. Let A be a finite simple group which is not iso¬ 
morphic to one of the following groups: PSL{2, 2"^), n > 1, PSL{2, q), q = 3 
or 5 (mod 8), q > 3, the Janko group of order 175560, a group of Ree type 
of order q^{q — l)((j'^ -|- 1), where q = k > 1. Then A contains an 

element u of order 4 (cf. [15j . Theorem I and [5], Kapitel H, Satz 8.2 and 
8.10). Putting h{x) = 77 for all x G 5 \ {ej we obtain a right Bol loop L 
which is not left alternative and has exponent 4 since /(x,x) = 1. 

Proposition 6.9. A Steiner-like loop L has the automorphic inverse prop¬ 
erty if and only if the group A is commutative and identity I15.25\) of Propo¬ 
sition ESI holds. 

Proof. As x~^ = X for all x G 5 Proposition 3.5 in m, p. 764, yields that 
the Steiner-like loop L satisfies identity (EH) if and only if the group A is 
commutative and identity 

f{y,y)fix,x)f{xy,xy)-^ = f{x,yf 
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holds. Using the function h we obtain identity (|5.25p of Proposition 15.51 and 
the assertion follows. □ 

Any Steiner-like loop L satisfying the automorphic inverse property is com¬ 
mutative. Every Steiner-like loop L having the cross inverse property satis¬ 
fies the automorphic inverse property. There are loops L having the auto¬ 
morphic inverse property but not the cross inverse property. This is the case 
if one chooses in identities (j5.26ll of Proposition l5.5l for an element x G *S'\{e} 
the element px ^ 1. 

Proposition 6.10. A Steiner-like loop L has the weak inverse property if 
and only if the set {f{x,y)] x,y G S} is contained in the centre of A and for 
all X G S \ {e} one has f{x,x) = sh{x) = h{x)s, where s is a fixed element 
of A. 

Proof. First we assume that identity ()2.8p holds, which means that 

{x,f.)[iy,r])iz,a)] = {x{yz),f{x,yz)Cf{y,z)r]a) = (e, 1) (6.11) 

is satisfied precisely if 

[ix,f.)iy,v)]{z,a) = {{xy)z,f{xy,z)fix,y)Cr]a) = (e, 1) ( 6 . 12 ) 

holds. Clearly x{yz) = e if and only if {xy)z = e. Hence we can write 
z = xy. Therefore identity 


f{x, x)if{y, xy)r]a = 1 (6.13) 

is satisfied whenever identity 

f{xy, xy)f{x, y)^r]a = 1 (6.14) 

holds. The set {/(x,y); x,y G S} is contained in the centre of A since for 
loops having the weak inverse property the left, the middle and the right 
nucleus coincide (cf. Theorem 1 in [12], p. 297). If identities (I6.13p and 
(|6.14p are equivalent, then the identity 

f{x,y)f{xy,xy) = f{y,xy)f{x,x) 

holds for all x,y G S. Using the function h this relation yields 

f{xy,xy)h{xy)~^ = f{x,x)h{x)~^ 

for all X, xy G S \ {e}. Hence for all x G S' \ {e} one has f{x, x) = sh{x) = 
h[x)s with a hxed element s of A. 

Conversely, now we assume that for all x,y G S the set {/(x,y); x,y G 
5} is contained in the centre of A and for all x G S \ {e} one has /(x, x) = 
sh{x). We have to prove the equivalence of identities (|6.11l) and (I6.12p . For 
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Steiner loops the property x{yz) = e if and only if {xy)z = e is always true. 
Hence it remains to prove the equivalence of identities (|6.13p and ()6.14l) . 
This holds since 

1 = f{x,x)^f{y,xy)r]a = f{x,x)f{y,xy)^'na = 
sh{x)h{y)h{xy)Cr]a = sh{xy)h{x)h{y)Cr]a = f{xy,xy)f{x,y)Cr]a = 1. 

□ 

Every Steiner-like loop L which is alternative or which has the inverse prop¬ 
erty has the weak inverse property. There are Steiner-like loops having the 
weak inverse property but which are neither left alternative nor have the 
left inverse property. This is the case if s 7 ^ h{x)h{y)h{xy). 

Corollary 6.11. Let L be a Steiner-like loop such that S = {e,x,y,xy} is 
the elementary abelian group of order 4. 

a) If L is right alternative or it has the right inverse property or it has the 
weak inverse property, then L is a group if and only if L is alternative or it 
has the inverse property. 

b) If L has the automorphic inverse property, then L is an abelian group if 
and only if L has the cross inverse property. 

Proof. A loop L is a group precisely if L is left alternative (see Theorem l6.7l) . 
Then the assertion follows from Propositions 16.2116.3116.4116.9116.101 □ 


7 Variations of extension process (l3.1l) 


A loop extension of type (I3T]) with respect to the factor system / may be 
also defined in such a way that the multiplication on the set S x A is given 
by 


{x,f){y,r]) = {xy,if{x,y)y), 


respectively 


{x,f){y,r]) = {xy,^r]f{x,y)). 


This yields loops L*, respectively L** which coincide with the extension 
given by multiplication if and only if the set {f{x,y)] x,y E S} is 

contained in the centre of A. Therefore, we have to compare loops L, L*, 
L** for which the set {f{x, y)\ x, y E S'} is not contained in the centre of A. 

The left inverse of the element {x,ff) in L*, respectively in L** has the 
form {x~^, f {x~^, x)~^), respectively The right 

inverse of {x,f^) in L*, respectively in L** is {x~^, f{x,x~^)~^f^~^), respec¬ 
tively Here is x~^ = x\e = e/x in S. 

Hence for any element the left inverse coincides with the right inverse in a 
loop L, L* and L** if and only if f{x~^,x) = f{x,x~^)f, for all x E S 

and ^ E A. 
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For L* the group A is contained in the left and in the right nucleus of L*, 
for L** the group A is contained in the left and in the middle nucleus of L**. 
The group A is never contained in the nucleus of L* as well as of L**. 

If for a loop L* the set {f{x,y); x,y & S} is not contained in the centre of 
A, then one checks easily that L* does not satisfy the following identities: 

(El]), (E2|), (E3|), (E3I), (ESD, (ESI), (EH), dZSj), (ESI), (ESni). Hence any 

such loop L* is far from the associativity. 

If for a loop L** the set {/(x, y); x,y G S} is not contained in the centre of 
A, then it follows that L** does not satisfy the identities: (12.11) . (12.31) . (|2.5|) . 
(ESI), (ESI), (ESI), (I2.10p . Now we determine the conditions under which a 
loop L** satisfies conditions (2.2), (2.4) and (2.9). 

Proposition 7.1. A Steiner-like loop L** is left alternative or it satisfies 
the left inverse property precisely if the set T = {f{z, z)] z G S} is contained 
in the centre of A and identity (E3) in Theorem El holds. 

Proof. The loop L** satisfies identity (12.21) as well as identity (12.41) if and 
only if 

Vf{x,y)f{x,xy)r]~^ = f{x,x) 

holds for all x,y G S, y G A. With x = y we obtain that {/(x,x); x G S} 
is contained in the centre of A. Using the function h for x y this identity 
yields identity (|5.5p in Theorem 15.31 and the assertion follows. □ 

Proposition 7.2. Let L** be a proper Steiner-like loop. 

a) If S = {e, x,y, xy} is the elementary abelian group of order 4, then the 
loop L** satisfies the left Bol identity if and only if the range of h is commu¬ 
tative, the set {/(x,x); x G S'} zs contained in the centre of A and identity 
L5. 5\) of Theorem \5.S[ holds. 

b) If the Steiner loop S has more than 4 elements, then the loop L** is 
a left Bol loop precisely if S is an elementary abelian 2-group and for all 
X G S\{e} one has h{x) = t and /(x,x) = t^ with a fixed element t of A, 
but t^ Z{A). 

Proof. The loop L** is a left Bol loop if and only if the Steiner loop S = L jA 
is an elementary abelian 2-group (cf. Lemma [6.5p and for all x,y,k G S and 
a G A the identity 

f{y, x)f{x, xy)af{y, k) = af{x, k)f{y, xk)f{x, xyk) (7.1) 

holds. Since every left Bol loop is left alternative, the set {/(x,x); x G S} 
is contained in the centre of A and identity (15.5p of Theorem 15.31 holds (cf. 
Proposition 17.11) . Using the function h and Lemma 15.21 al. putting k = e 
and a = h{xy)~^ into (|7.1I) we obtain that the range of h is commutative. 
Therefore, if |S| = 4 we obtain assertion a). 

Now we assume that |S| >4. Interchanging x and k in (|7.1I) we get 

f{y, k)f{k, ky)af{y, x) = af{k, x)f{y, xk)f{k, xyk) (7.2) 
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for all x,y,k & S, a (z A. The same consideration as in the proof of Propo¬ 
sition [618] yields that h{x) = t and f{x,x) = with a hxed element t £ A 
for all X G 5 \ {e}. 

Conversely, if h{x) = t and f{x,x) = but ^ then identity 

(|7.ip holds for all x,y,k £ S and a £ A. Hence L is a left Bol loop. □ 

8 Groups generated by translations 

Let L be a Steiner-like loop. A left translation X(a,a) : L —)■ L is the bijection 

(x,0 I—(a,a)(x,0 = (ax,f(a,x)a^) 

and a right translation P(a,a) : L —>■ L is the bijection 

(x,0 '—^ = {ax,f{x,a)^a). 

The group Gi generated by all left translations of L coincides with the 
group Gr generated by all right translations of L if and only if the group 
A is abelian. Namely if the element a is not contained in the centre of 
A and P(e,Q) is a product of left translations of L, then we have 
or = ol for all G A with a suitable ol. Hence a = ol and A is 

commutative. 

For all a G A the map ■. (x,^) i— {x,a~^^a) is an automorphism 

of L if and only if the set {/(x, y); x, y G 5} is contained in the centre of A. 

Proposition 8.1. Let L be a Steiner-like loop such that any La is an au¬ 
tomorphism of L and let A be the group generated by the set {La,Oi £ A}. 
Then the group G generated by all translations of L coincides with the group 
generated by Gi and A. 

Proof. One has P(a,a) = i'a^{a,a) if and only if f{x,a) = f{a,x) for all 
x,a £ S which is true since La is an automorphism of L. □ 

One has 


[P(a,'y)/^(e,a)/^(a,7)] (®) 0 ) 7*(e,7a7“l) 0 ■ 

P{a,a) P{e,a)P{a,l) if folloWS. 

Proposition 8.2. Let L be a Steiner-like loop. Then the group Gr generated 
by all right translations of L is an extension of A by the group S generated 
by the set {p(a,i); a £ S}. 

For the left translations of L one has 


23 


To obtain an analogous result for the group Gi generated by all left trans¬ 
lations of L we must suppose that the set {/(x,y); G 5} is contained 
in the centre of A. In this case we get = -^( 6 , 7 - 107 ) • From 

the fact that \(a,a) = -^(a,i)-^(e,Q) as well as from Propositions 16.1116.3116.41 
ESI Eini 0 it follows: 

Proposition 8.3. Let L be a Steiner-like loop. We assume that L has one 
of the following properties: 

a) L is flexible, 

b) L is left alternative or it has the left inverse property, 

c) L has the cross inverse property, 

d) L has the automorphic inverse property, 

e) L has the weak inverse property. 

Then the group G generated by all translations of L coincides with the group 
generated by Gi and A. Moreover, the group Gi is an extension of A by the 
group S' generated by the set a G S}. 

As an immediate consequence of Propositions (8?^ and lH^l the following holds. 

Proposition 8.4. Let L be a commutative Steiner-like loop. Then the group 
G generated by all translations of L is a central extension of A by the group 
S' generated by the set a G S}. 

The group generated by the translations of a finite Steiner loop S of order 
n > 3 contains often the alternating group of degree n. This is for instance 
the case if the order of any product of two different translations of the Steiner 
triple system corresponding to S is odd (cf. [13], Theorem). 


9 Isomorphisms 


Let (Li, •) and (L 2 , *) be two loops of type (|3.1h realized on the set 5 x A 
by the multiplications (x,|) • {y,T]) = {xy,fi{x,y)f,r]) respectively (x,^) * 
(y^h) = {xy, f2{x,y)f,r]). We consider isomorphism a : Li ^ L2 such that 
(e,^)“ = (e,^“ ). For such an isomorphism a : Li —>■ L 2 one has (x, 1)" = 
(x“ , p{x°‘ )), where p is a map from S onto A. Using this we have 


(x“ , r )) = (e, 0“ * (X, 1)“ = [(e, 0 • (X, 1)]“ = (x, 0“ = 

[(x,l)-(e,e)]“ = (x,l)“*(e,0“ = (x“',p(x“'))*(e,r") = (x“', p(x“')r"). 


Hence every element p(x“) lies in the centre of A. Moreover, one has 




{{xyY ,p{{xyr )/i(x,y)“ ^ O = [(^,0 ' {y,vT = * ( 2 /,^)“ = 

(x“',p(x“')r") * (?/“',= (x“'y“',/2(x“',y“')p(x“')r'V(2/“')r?“") 
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for all x,y € S and ^,r] £ A. It follows a' is an automorphism of the loop 
S, a” is an automorphism of A and for all x,y £ S identity 


/i(x,y)“" = p{{xyr')-^p{x^')p{y^')f2{x»\y^') (9.1) 


holds. This discussion yields the following 


Proposition 9.1. Let (Ti,-) (-^ 2 ,*) be two loops of type 113.1\} belong¬ 

ing to the functions fi respectively f 2 - The map /3 ; Li —)• L 2 ,{x,f) e-)- 
(x“ , /9(x“ ) defines an isomorphism of Li onto L 2 mapping the group 

A onto itself if and only if a' is an automorphism of the loop S, a" is an 
automorphism of A, for the map p : S ^ A with p{e) = 1 £ A one has that 
the set {p{x^ ); x £ S,a' £ Aut{S)} is contained in the centre of A and for 
all x,y £ S identity holds. 


Let (S', h) be a weighted Steiner loop. Putting x = y into (19.ip we obtain 


fi{x,x)°‘" f 2 {x°‘' ,x°‘') ^ = p(x"')^ =/ 2 (x“’,x“') '-fiix^x) 


-1. 


(9.2) 


Since the Steiner loop S is commutative from (19.ip we get 


hiy^xr = p{{xyr)-^p{x»')p{y^')f2{y^\x»') 


for all x,y £ S. li x ^ y £ S \ {e}, then using the functions hi, i = 1,2, 
from (ITID . respectively from the last identity it follows identity 


hi{xY hi{y)° =p{{xyY) p{x° )p{y^ )h2{x° )h2{y°‘), 


(9.3) 


respectively 

/ii(y)“"/ii(x)“" = p((xy)“')-V(^“>(y“>2(y“>2(x“'). 


Comparing these two identities one has 

[hi{y),h^{x)r" = [h2{y^'),h2{x^')]. (9.4) 

Hence we have the following 

Corollary 9.2. Let Li and L 2 be two Steiner-like loops with respect to the 
functions fi{x,y), respectively f 2 {x,y). The mapping /3 : Li —)• L 2 ; (x,^) 

(x“ , p{x°‘ )f°‘ ) is an isomorphism of Li onto L 2 mapping the group A onto 
itself if and only if a' is an automorphism of the Steiner loop S, a" is an 
automorphism of A, the set {p{x°‘ ); x £ S,a' £ Aut{S)} is contained in the 
centre of A, for all x £ S identities 19. and for all x,y £ S \ {e}, x ^ y 
identity WfW are satisfied. Moreover, if (3 : Li ^ L 2 is an isomorphism, 
then identity holds. 


25 




Now we consider isomorphisms j3 from the Steiner-like loop Li onto the 
Steiner-like loop L 2 such that the corresponding Steiner loop S has more 
than 2 elements and such that /3 induces on the factor loop Li/A = S as well 
as on the group A the identity. In this case a" = a' = 1 and identities (19.211 
and (j9.3jl yield that if Li and L 2 are isomorphic, then for all x, y G 5 \ {e}, 
X ^ y, we have the following identity: 

hi{y)~^hi{x)~^hi{y)~^hi{x)~^h2ix)h2iy)h2{x)h2{y) = 

fi{xy, xy)f 2 {xy, xy)~^fi{x, x)~^f 2 {x, x)fi{y, y)~^f 2 {y, y)- 

The last identity is automatically satisfied if one of the following prop¬ 
erties holds: 

a) both loops are left alternative or have the left inverse property, 

b) both loops have the cross inverse property, 

c) both loops have the automorphic inverse property, 

d) both loops have the weak inverse property and for all x,y a S identity 
hi{x)hi{y)hi{xy) = h 2 {x)h 2 {y)h 2 {xy) = c holds with a fixed element c ^ A. 

10 Automorphisms 

If (Ti,-) = {L 2 ,*) in Section 9 we obtain automorphism of loops of type 
m- Hence Proposition 19.11 yields the first part of the following 

Proposition 10.1. Let L be a loop of type h3.1\) . A mapping a : L ^ L 
defined by (x,^)“ = (x" ,p(x“ ) is an automorphism of L if and only if 

a' is an automorphism of the loop S, a" is an automorphism of the group 
A, for the map p : S ^ A with p{e) = 1 one has that the set {p{x^ )] x G 
S,a' G Aut{S)} is contained in the centre Z{A) of A and for all x,y G S 
identity 

fix, y)"" = pi{xy)°‘')~^p{x°‘')piy°‘')f{x^',y^') (10.1) 

holds. The map p : S ^ ZiA), x i-)- pix) is a homomorphism from S 
into ZiA) if and only if there are a' G AutiS), a” G AutiA) such that 
/(x,y)“" = /(x"',y"') for all x,y G S. 

Proof. The last assertion is a direct consequence of identity (|10.ip . □ 

The kernel of the homomorphism p contains the derived subloop S' of the 
loop S since S' is the smallest subloop of S such that S/S' is abelian. 

Conversely, any homomorphism p from S into the centre Z{A) deter¬ 
mines an automorphism of L which is the mapping (dp : (x,.^) i-G (x,/9(x).^). 
The set of these automorphisms forms the normal subgroup T of the auto¬ 
morphism group T of L which consists of automorphisms inducing on S as 
well as on A the identity. The group T is commutative. 
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Moreover, let a' be an automorphism of S such that = /(x, y) 

for all x,y € S. Then the elements /3 q/ : (x, —)• (x“ , form a subgroup Si 
of the automorphism group T of L. Let a" be an automorphism of A such 
that f{x,y) = f{x,y)°^ for all x,y £ S. Then the elements (3a" '■ (x,^) e-)- 
(x,^" ) form a subgroup S 2 of the automorphism group T of L. 

Let a' be an automorphism of S and let a" be an automorphism of A 
such that /(x“ ) = f{x,y)°‘ for all x,y £ S. Any such pair (a', a") 

determines an automorphism of L, namely (3a',a" = = /3a''/^a' ■ 

(x,^) !->• (x" ). The set of these automorphisms forms a group S such 

that T n S = {!}. 

If (Li,-) = (L 2 ,*) Corollary 19.21 yields the following 

Corollary 10.2. Let L be a Steiner-like loop. The map (3 : L ^ L defined 
by (x,0^ = (x“ , /9(x“ ) is an automorphism of L if and only if for all 

X £ S identity 

p{x^'ff{x^\x^') = fix, x)“" (10.2) 

and for all x,y £ S \ {e}, x y identity 

p((xy)“')-V(x“')K2/“>(x“>(y“') = /i(x)“"h(2/)“" (10.3) 

hold. Moreover, if (3 is an automorphism of L, then one has 

[Mx),M2/)]“" = %“')]• 

Corollary 10.3. Let L be a Steiner-like loop. 

(a) The normal subgroup T of the automorphism group T of L is an ele¬ 
mentary abelian 2-group. 

(b) Assume that p : S ^ ® homomorphism and S has more than 2 

elements. Then the map (3 : L ^ L defined by (x,^)^ = (x" , /9(x" ).^" ) is 
an automorphism of L if and only if for all x £ S \ {e} identities 

/(x,x)" =/(x",x“) and c/i(x" ) =/i(x" )c“^ =/i(x)" 

are satisfied, where c is a suitable element of A. 

Proof. Since for all x G S' \ {e} one has o(x) = 2 and p : S ^ is a 

homomorphism any element p(x) has order at most 2. Therefore id (3p £ ^ 
is an involution and (a) holds. 

As for all X G 5 the element pix) has order at most 2 identity (I10.2p 
yields the first identity of the Corollary and identity (|10.3p reduces to 

[/i(x)“"]-iL(x“') = /i(y)“"[L(y“')]-i = c (10.4) 

for all y 7 ^: X G 5\{e}. Let 2 be an element of S\{e,x,y}. Then replacing y 
by z, respectively x by 2 in (jlO.ip we obtain /i(z)“ = c/i(z" ), respectively 
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h{z°‘') = h{z)°''c. Comparing the last equations we get h{z°‘') = ch{z°‘')c 
for all z € 5 \ {e}. 

Conversely, let f{x,x)°‘'' = f{x°‘',x°‘') and 

= h{xf'h{x^')-^ = c 

for all X G 5\{e}. Since p is a homomorphism p{S) is an elementary abelian 
2-group. Hence the identity /(x,x)“ = /(x“ ) in the Corollary yields 

identity ()in.2p and identity (lin.3p reduces to = h{x°‘')h{y°‘'). 

Putting in this identity /i(x)“ = ch{x°‘ ) we get ch{x°‘ )c = h{x°‘ ) which is 
true because of (jl0.4D . □ 
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